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+ ~∇ · (ρ~u) = 0 ,  Z ^ Z ^ n 6r
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+ ~∇ · (ρ~uH) = γ
(γ − 1) Pr Re
~∇ · (µ~∇T ) + 1
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τxy = µ(uy + vx)




























6ﬃ!"ﬂﬃWU69&k#B69ﬁ!""ﬀMﬂ9g2T &:7Oﬁﬀ!ﬁ;b69&2;\7Oﬁﬀ!"ﬂﬃ,2ﬀ \2,Ce~gh,&2!ﬁﬂﬃ&2ﬀi(69 ^| . .














AV0 (w,wx, wy) =
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(δ1φ)i+ 1
2
,j = φi+1,j − φi,j , (δ2φ)i,j+ 1
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2(φi+1,j + φi,j) , (µ2φ)i,j+ 1
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x = iδx , y = jδy
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Gn+1 ≈ Gn + (BE)nµ2∆wn −Dn2 δ2∆wn .
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= σ2 (B−)ni,j+ 1
2
C0 = Id+ σ1 (A+)ni+ 1
2
,j − σ1 (A−)ni− 1
2
,j + σ2 (B+)ni,j+ 1
2
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wn+1 = wn + ∆wn
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L 3 JR1 = ∂F/∂w
R 69&2; JL2 = ∂G/∂w
L 3 JR2 = ∂G/∂w
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4(1− κ)( wni,j − wni−1,j) + ε4(1 + κ)(wni+1,j − wni,j )
wRi+1/2,j = w
n





4(1− κ)(wni,j−1 − wni,j−2) + ε4(1 + κ)( wni,j − wni,j−1)
wRi,j−1/2 = w
n




































































































































































































































































"ﬀ,.  &u;Cﬁﬀ/ﬀ R(69ﬁﬂﬃ&A &k2B69WVﬂ71$'eCR"ﬀﬀﬁﬂﬃ&AﬁﬀMW(6ﬃﬀ";kﬂﬃ&kghﬂﬃ,C; 7ﬃ69 71"ﬀS#T,.  R. ﬁ";AW:sbﬀﬂﬃ#%
RVﬂ4ﬀ  71<!"ﬂ:	B!ﬁ&:A¨ &¦ﬂﬃ;Gﬂ)&2ﬀ,<2<ﬀ/!/2#%uﬁﬀd,2.¥s¢;Cﬁﬀ/ﬀ R(69 7r'i#%869&M^| .ﬁ432u&(ﬂﬃ&C





ﬂﬃ|ﬂ9gt2[!"&:/69.t687r/69r[.ﬁ86ﬃ;C &ﬂ6 `4Cﬂﬃ/;|!"&:";~69RRﬂ8eO #B69ﬁﬂﬃ&~ﬂ9g¬2Q&2ﬂﬃ&C;Cﬁﬀﬀ R(69¥71



























































ﬀ!/2#% #$R. ﬁ! 83
(69zWVﬂﬃ~.ﬁ86ﬃ;u69&:s^568sGﬂ%69&~ #$R. ﬁ! Qﬀ!/2#%Sﬂ9g
2ighﬂﬃ# }




^|2T2T&2ﬂﬃ/69ﬁﬂﬃ& RIII #$R(6ﬃﬀ ´8"ﬀ[2pgm6ﬃ!M6% ;Oﬂﬃ;i"!"ﬂﬃ&2ﬀ,2!ﬁﬂﬃ&+ ε = 1 3 κ = 1/3 |(6ﬃﬀ
WV"&,2ﬀ";) &2veCR. ﬁ! $ﬀ69rﬃ^]2ﬂﬃ2vﬀ/691Gﬂ9gQﬀ #$R. ﬁ! xs &2GR"ﬀ&:/69ﬁﬂﬃ&_3.ﬁ@,2ﬀ%6ﬃﬀﬀ,#%
ﬀ!/2#%v
Z



































ﬂﬃ83iﬀ &2!"b2bRﬂﬃW.ﬁ# ﬁﬀH.  &286983 −∆t(RIII)ni,j = −KIIIwni,j
^| 6) ;Oﬂﬃ;<'eOR. ﬁ! uﬀ/69r
;Cﬁﬀ! ´69ﬁﬂﬃ&\ﬂﬃRV/69ﬂﬃ4 7r&~W:s\}














E 3 B˙E = ∆tδyB
E ^oZ[ﬀ &p6[c2ﬀ-ﬂﬃ/;;Cﬁﬀ/! ´69ﬁﬂﬃ&BsOﬁ.ﬁ;ﬀ −∆t(RI)ni,j = −KIwni,j
^| }






L:/69 &Aghﬂﬃ# 6\c2ﬀ-ﬂﬃ;d'eCR. ﬁ! dﬀ/69r43 %ﬁﬀ%&(69,/69.ﬂA; 71u6\c2ﬀ-ﬂﬃ;2'd,RM^| &2;+ #$R. ﬁ! 
ﬀ!/2#%Sﬂ9g
2ighﬂﬃ# }






^|  HI = Id+KI 69&2;Sﬁﬀ¬'eCR"ﬀﬀﬁﬂﬃ&T!"ﬂﬃ"ﬀRVﬂﬃ&2;ﬀ¬R"!ﬁﬀ/.¥sMﬂz2K.  &2869¬7rﬀﬁﬂﬃ&Tﬂ9g2R7:ﬁﬂﬃ,2ﬀ.¥s




'|ﬀ,2!/+6\ﬀ!/('#% ^| . .|WVG'gh";ﬂk6ﬃﬀ$X 9XSﬂ\"!869. .6uc2ﬀ-ﬂﬃ;
 #$R. ﬁ! Qﬀ/69rMﬁﬀ6ﬃﬀﬀﬂ:!U69";HﬂB6Tc2ﬀﬂﬃ;'eCR. ﬁ! ﬀ/69r4^
L:/69 &k&2ﬂ^®ghﬂﬃ#³6< ;Oﬂﬃ;%'eCR. ﬁ! $ﬀ/69r436\;C "!'B69RRﬂr6ﬃ!/ ^ﬂﬃ,.ﬁ;.ﬁ86ﬃ;)ﬂk6u ;Oﬂﬃ;
,RM^| &2;~ #$R. ﬁ! ﬀ/!/2#%Sﬂ9go2igmﬂﬃ#}






^|  HIII = Id + KIII ^[ﬂ^71'3( [ ﬀ[86ﬃﬀsHﬂd!/(!/~2T.  &2869iﬀsOﬀ# 6ﬃﬀﬀﬂ:!U69"; ^| bﬀ,2!/b69&

















'31;&2ﬂﬃ";$XXX 9XXXVg¨ﬂﬃ#&2ﬂ^ﬂﬃ&ﬂ["!869. .(6Q ;Oﬂﬃ;` #$R. ﬁ! ﬀ/69rﬁﬀ`6ﬃﬀﬀ/ﬂ1!U69";
^| 6d ;Oﬂﬃ;p'eCR. ﬁ! Sﬀ/69r43Dﬁﬀ*-,2;Cﬁ!ﬁﬂﬃ,2ﬀi &k#%ﬀSﬂ9g &: &2ﬀﬁ!$	B!ﬁ&2!s<
 ﬁﬂﬁ
¥MRﬂ7O ;2ﬀp6
ﬀﬂﬃ&<;269#$R &<ﬂ9gz69. .K2B'ﬂﬃS#%ﬂ:;"ﬀ@69p86ﬃ!/A #%% /69ﬁﬂﬃ&hﬁﬀSRVﬂﬃ &: ^z¥. .WV%;#%ﬂﬃ&2ﬀ/69";
,2ﬀ &M](ﬂﬃ,ﬁ69&(69. sOﬀﬁﬀo &$!/(69R
3



















ﬂ~ &2!86ﬃﬀ%2B!"ﬂ4ﬀpRVp /69ﬁﬂﬃ&)ﬂ9g5ﬁﬀp #$R. ﬁ! @ﬀ!/2#%% &ﬀ,2!/6HRﬂﬃRVﬂﬃﬁﬂﬃ&(69@69. &(69 71





369&2;H69.ﬁﬀ/ﬂT/69 &2";H &vﬁﬀ ^ﬂﬃ 3Oﬁﬀ5ﬂ$6ﬃﬀﬀﬂ:!U69S6Tﬀ #$R.ﬁQc2ﬀ-ﬂﬃ;| #$R. ﬁ! ﬀ/69r
ﬂB6@ ;Oﬂﬃ;[eCR. ﬁ! ﬀ/69r%}






^|2~2~ #$R. ﬁ! G69&2;¢'eCR. ﬁ!¥G;Cﬁﬀ! ´69ﬁﬂﬃ&ﬂﬃRV/69ﬂﬃﬀB,2ﬀ/"; &+ﬁﬀdX 9XXXTﬀ/694s(687rHWV"&
R7Oﬁﬂﬃ,2ﬀ. s;'c2&2";D^NQﬀ ^| . .5WVGﬀ/&,2ﬀ &k](ﬂﬃ,ﬁ%69&(69. sOﬀﬁﬀ83`ﬀ,2!/6<!/2ﬂﬃﬁ!"v.ﬁ86ﬃ;ﬀ&(69,/69. . sﬂb6
.ﬁﬂ^@¥&O &2ﬀﬁ!d	B!ﬁ&2!sW,TﬁﬀT.ﬁﬂ4ﬀﬀTﬂ9gﬂﬃ@;269#$R &\ﬁﬀT#%ﬂﬃB(69&)W(69.U69&2!"";W:sk2B";C,2!"";
!"ﬂ4ﬀ5/691&vW:sd2iﬀﬂﬃ. ,ﬁﬂﬃ&~ﬂ9g
6@ﬀ #$R.ﬁQc2ﬀ-ﬂﬃ;z #$R. ﬁ! zﬀ/69ri &2ﬀ86ﬃ;Hﬂ9g
6T#%ﬂﬃi &:7rﬂﬃ. 71";G ;O














69RR. ﬁ";bﬂﬃ&<2 \2,Ceﬀ ^ﬂﬃ,.ﬁ;\! !,#T71&:[ﬁﬀ[RﬂﬃW.ﬁ#d'^iJQ712.ﬁ"ﬀﬀ83Vﬀ &2!"pﬁﬀiﬀ #$R.ﬁ@!/2ﬂﬃﬁ!"@ﬂ9g
7469U69W.ﬁ%"!"ﬂﬃ&2ﬀ,2!ﬁﬂﬃ&69. .ﬁﬂ^zﬀ@69&:s^568sbﬂH &2!86ﬃﬀ/%2BD! 71d6ﬃ!"!,/6ﬃ!sAﬂ9g69&A,R^| &2;ﬀ!/2#%43
 Tﬁﬀ!ﬂﬃ#$#%ﬂﬃ&2.¥s/69 &2";69&2; ^| .¥.WVGﬀsCﬀ#B69ﬁ!869. . sA,2ﬀ/";AgmﬂﬃT2G!869.ﬁ!',2.ﬁ69 ﬂﬃ&2ﬀ$R"ﬀ&:"; &)ﬁﬀ
^ﬂﬃ ^HJ[ﬂﬃG69.ﬁﬀﬂuﬀ71/69.!/2ﬂﬃﬁ!""ﬀ$69%RVﬂ4ﬀ/ﬀ W.ﬁ$gmﬂﬃp2B71"!ﬂﬃ@ﬂ9g|7469U69W.ﬁ"ﬀ@ﬂﬃ&W^|ﬁ!/)ﬂ<69RR. sA2
"!"ﬂﬃ&2ﬀ,2!ﬁﬂﬃ&<Rﬂ:!""ﬀﬀ8^KX&HR/6ﬃ!ﬁ!"4322Sﬀzﬂ9g
R #$  71M7469U69W.ﬁﬀ








7$; ﬂ!$# & 7$& ,Wﬁ.-"#%; #ﬀ j7b&+/); !:;102"ﬁ7# &Vﬂ!
ﬂﬃ&2ﬀﬁ;&2ﬂ^	2i ^5ﬂ9;C #%&2ﬀﬁﬂﬃ&(69.oJ[687Oﬁ-YL:ﬂﬃr"ﬀ"0:,(69ﬁﬂﬃ&2ﬀp}
wt + (f





'#$R2(6ﬃﬀ ´8%2$7Oﬁﬀ!"ﬂﬃ,2ﬀ \2,Ce"ﬀp;RV&2;A&2ﬂﬃpﬂﬃ&. skﬂﬃ&A2
!"ﬂﬃ&2ﬀ7469 7r@7ﬃ69U69W.ﬁ"ﬀ
w
W,M69.ﬁﬀﬂGﬂﬃ&\2 i4/6ﬃ;Cﬁ&:ﬀ8^MNQ. .o2@ﬀ!/2#%"ﬀi!"ﬂﬃ&2ﬀﬁ;";\ &\2TR"ﬀ/&:
^ﬂﬃB. sBﬂﬃ&~6TﬀR(69/69[869#%&:5gmﬂﬃ2[ &:7Oﬁﬀ!ﬁ;v69&2;G7:ﬁﬀ!"ﬂﬃ,2ﬀ5\2,Ce"ﬀ8^`J[69#%. s13:2i;Cﬁﬀ! ´69ﬁﬂﬃ&
ﬂ9g`2M &:7Oﬁﬀ!ﬁ;'\2,CeC"ﬀﬁﬀ!869ﬁ";uﬂﬃ, &u2 ^568sH;"ﬀ! WV";~ &u2SR7:ﬁﬂﬃ,2ﬀQﬀ"!ﬁﬂﬃ&_^

(M&:,#%ﬁ!869.
69RRﬂ8eC #B69ﬁﬂﬃ&\ﬂ9g`2S7:ﬁﬀ/!"ﬂﬃ,2ﬀ]\2,CeC"ﬀﬁﬀzR,. s~!"&:";\69&2;uﬀ"!"ﬂﬃ&2;Oﬂﬃ;i6ﬃ!"!,/694a zﬁﬀQﬂﬃW/69 &2";




































= fV (wi+ 1
2
,j , (wx)i+ 1
2





































ﬁﬀo'7469. ,(69ﬁﬂﬃ&TﬁﬀtRV-ghﬂﬃ#%";T,2ﬀ &Qﬀ #$R.ﬁﬀ"!"ﬂﬃ&2;Oﬂﬃ;o!"&:/'/;69RRﬂ8eC #B69ﬁﬂﬃ&vmﬀ &2!"









































































(i+ 12 , j)
69MﬂﬃW/69 &2";HW:sd/69O &$2S6871/69rMﬂ9go2Mﬀ/69"ﬀ| &







wi,j + wi+1,j + wi+1,j+1 + wi,j+1
4










(i + 1/2, j)
86ﬃ;
c2&(69. . sb}











































F Vi+1/2,j = f




























































ji 7: &d69&~ #$R. ﬁ! 71ﬀﬁﬂﬃ&~ﬂ9g





































































































































































Xx&Bﬂﬃ;ﬂpﬂﬃW/69 &G6M7:ﬁﬀ/!"ﬂﬃ,2ﬀ!"ﬂﬃ&: W,ﬁﬂﬃ&GﬂS2| #$R. ﬁ! ﬀ/69r|(69#B69 &2ﬀ56ﬃﬀﬀ #$R.ﬁQ6ﬃﬀ2|c2ﬀ-
ﬂﬃ;,RM^| &2;!"ﬂﬃ&: W,ﬁﬂﬃ&¢!"ﬂﬃ#$ &\ghﬂﬃ#­2G &:7:ﬁﬀ!ﬁ;)&:,#%ﬁ!869. \2,Ce"ﬀ83`2dghﬂﬃ. .ﬁﬂ^| &Aﬀ #$R. ¥c(";
;71.ﬁﬂﬃR#%&:ﬁﬀ|/69 &2";}


































7469. ,(69ﬁﬂﬃ&kﬂ9g2"ﬀT#B69ﬁ!""ﬀiﬁﬀi0:, @'eORV&2ﬀ¥7143 ﬀ &2!"T ["0:, "ﬀ[ﬂv!"ﬂﬃ#$R,!"ﬂﬃ#$RVﬂﬃ&2&:ﬀSﬂ9g2
4/6ﬃ;Cﬁ&:|ﬂ9g
w
^`]¬ &(69. . s13O2QW.ﬁﬂ:!/1> #$R. ﬁ! |,RM^| &2;vﬀ!/2#%[,2ﬀ";dﬂ69RRﬂ8eC¥#B69/[2[Ji687:ﬁ-YL:ﬂﬃ1"ﬀ
"0:,(69ﬁﬂﬃ&2ﬀz#B69 &2ﬀ|gmﬂﬃ#B69. . sG,&2!/(69&r";:^| ~"ﬀRV"!zﬂ2S!86ﬃﬀSﬂ9go2SI`,.ﬁQ"0:,(69ﬁﬂﬃ&2ﬀp}







































































































= σ2 (B−)ni,j+ 1
2
C0 = Id+ σ1 (A+)ni+ 1
2
,j − σ1 (A−)ni− 1
2
,j + σ2 (B+)ni,j+ 1
2
































    " 
    & (
A*)*% )%A * &V7b;

7
Xx&u7:ﬁh^ﬂ9gK2pR(69 !,.U69S69RR. ﬁ!869ﬁﬂﬃ&2ﬀi2IKNﬁﬀ &:"ﬀ";< &_3a&(69#%. s~2Tﬀ #T,.U69ﬁﬂﬃ&bﬂ9gKW,2ﬂs:
69&:#T,. ﬁ!"ﬂﬃ#$RVﬂﬃ&2&:[86ﬃ! 7r \(ﬂ^ &~&:,2!.ﬁ86986ﬃ!ﬂﬃ[!"ﬂﬃ&:/69 &#%&:83(2pﬀ!/2#%"ﬀQ;7r.ﬁﬂﬃRV";u¥&u2
R"ﬀ&: ^ﬂﬃ\ﬀ2ﬂﬃ,.ﬁ;bWV71ﬀ/69 .ﬁ$&2ﬂﬃ,4AﬂH;869."^|  \(ﬂ^l4 #%ﬀS/69&4 &~g¨ﬂﬃ#&2869. s\ &2!"ﬂﬃ#
R"ﬀﬀ W.ﬁdﬂu 4. sA!"ﬂﬃ#$R"ﬀ/ﬀ W.ﬁ4^<XT(6ﬃﬀpWV"&'eOR2.ﬁ69 &2"; &2d &:ﬂ:;C,2!ﬁﬂﬃ&ﬂ9gzﬁﬀT2"ﬀﬁﬀT(69
 ^ﬂ;Cﬁﬀ &2!Hﬀ/694ﬁ"ﬀH!869&¦WVb6ﬃ;ﬂﬃR";¦ &(69H!86ﬃﬀ}A 2H2\'eC&2ﬀﬁﬂﬃ&§ﬂ9gp &2!"ﬂﬃ#$R"ﬀﬀ W.ﬁ
¨R"ﬀﬀ,/>Wa6ﬃﬀ";( \(ﬂ
^®ﬀﬂﬃ. 7rﬀTﬂ~&2ﬂﬃ&C>´8ﬂ\Pb6ﬃ!/&:,#TWV \aﬂ^zﬀTﬂﬃT2d'eC&2ﬀﬁﬂﬃ&)ﬂ9g!"ﬂﬃ#$R"ﬀﬀ W.ﬁ
h;&2ﬀ xs:>W(6ﬃﬀ";( \(ﬂ^zﬀSﬀﬂﬃ. 71ﬀiﬂv.ﬁﬂ^5Pb6ﬃ!/k&:,#TWV8^$Xxi(6ﬃﬀiWV"&A:&2ﬂ^|&bgmﬂﬃi#%ﬂﬃ/(69&6v;"!86ﬃ;
&2ﬂ^ (69|6MRﬂﬃRVR"!"ﬂﬃ&2;C ﬁﬂﬃ& &(3Cﬀ/ﬂ9!869. . ";d.ﬁﬂ^5Pb6ﬃ!/dR2"!ﬂﬃ&(;C ﬁﬂﬃ& &23ﬂ9g_2Q"01,a69ﬁﬂﬃ&2ﬀrﬂ71'&C
 &p!"ﬂﬃ#$R"ﬀﬀ W.ﬁ]\(ﬂ^zﬀ&(69W.ﬁ"ﬀK269RR. ﬁ!869ﬁﬂﬃ&Gﬂ9g 2zﬀ/!/2#%"ﬀK & U69. . s$;71.ﬁﬂﬃRV;$gmﬂﬃ!"ﬂﬃ#$R"ﬀﬀ W.ﬁ
\(ﬂ^zﬀBﬂA2uﬀ #T,.U69ﬁﬂﬃ&ﬂ9gM&2869. s &2!"ﬂﬃ#$R"ﬀﬀ W.ﬁ \(ﬂ^RﬂﬃW.ﬁ#%ﬀv69&2;+ﬁﬀd!/2ﬂﬃﬁ!"~ﬁﬀB/69 &2";¢ &
ﬂﬃ,0^ﬂﬃGgmﬂﬃz86ﬃﬀﬂﬃ&2ﬀQ;/69 .ﬁ";u &u2S &:ﬂ:;C,2!ﬁﬂﬃ&¨#B69 &. sHWV"!869,2ﬀpﬂ9g`2S #$RVﬂﬃ/69&2!"Tﬂ9gK'eCﬁﬀ &





2<¥#$R2. #%&:69ﬁﬂﬃ&§ﬂ9g@6kR/!"ﬂﬃ&2;¥ ﬂﬃ&2 &#%2ﬂ:;"01, "ﬀG2uR.  #$ &(69s !/2ﬂﬃﬁ!"\ﬂ9gT6ﬀGﬂ9g
7469U69W.ﬁ"ﬀ| &v#%ﬀzﬂ9gj^|ﬁ!/H2MI`,.ﬁ"0:,(69ﬁﬂﬃ&2ﬀ]^| . .DWVi'eCR"ﬀﬀ";vWV'ghﬂﬃi &:ﬂ:;C,2! &G6TR"!"ﬂﬃ&2;C¥
ﬁﬂﬃ& &2^X&\g>6ﬃ!83_ﬀﬂﬃ#%$ﬂ9g2R"!"ﬂﬃ&2;C ﬁﬂﬃ& &2uﬀ/694ﬁ"ﬀMRﬂﬃRVﬂ4ﬀ";b &k2.  /69,B69ﬁ;&:ﬁ!869.





ﬂ9g¬ﬁﬀR"!"ﬂﬃ&2;C ﬁﬂﬃ&2 &Bﬀ/69 &g¨ﬂﬃ#¯2iI`,.ﬁz"01,(69ﬁﬂﬃ&2ﬀz'eOR"ﬀ/ﬀ";d &v#%ﬀ|ﬂ9go&:ﬂﬃRﬁ!i7469U69W.ﬁ"ﬀ
(p, u, v, S)T






q = (p, u, v, T )T
3










;7r.ﬁﬂﬃRV";uﬁﬀﬂ^|&uR"!"ﬂﬃ&2;C ﬁﬂﬃ& &G"!/&ﬁ01,2@69.ﬁﬀﬂ$,2ﬀ &d&:ﬂﬃRﬁ!
7469U69W.ﬁ"ﬀ











R #$  71$ﬂﬃM7Oﬁﬀ!"ﬂﬃ,2ﬀi7469U69W.ﬁ"ﬀ
(p, u, v, T )T
^@J[ﬂﬃ@2ﬂ^7183_ iﬁﬀp69. ^568sOﬀM2$!"ﬂﬃ&2ﬀ7469 7r@gmﬂﬃ#
ﬂ9gt2iI`,.ﬁ|ﬂﬃ|J[687Oﬁ-YL:ﬂﬃ1"ﬀ5"0:,(69ﬁﬂﬃ&2ﬀa69ﬁﬀ5ﬀﬂﬃ. 71";d &vﬂﬃ;5ﬂ@&2ﬀ,[!"ﬂﬃ"!|ﬀ2ﬂ:!/1!869R, &
RﬂﬃRVﬁ"ﬀ ^|2&~2pﬀR(6ﬃ!"';Cﬁﬀ! ´69ﬁﬂ4&<ﬁﬀQ69RR. ﬁ";D^

2S!/2ﬂﬃﬁ!"pﬂ9g`7:ﬁﬀ!"ﬂﬃ,2ﬀz7469U69W.ﬁ"ﬀzﬂB'eOR"ﬀﬀQ6
R"!"ﬂﬃ&2;C ﬁﬂﬃ&2";GW.ﬁﬂ:!/:> #$R.  ! 5,RM^| &2;dﬀ!/('#%Q!869&dWV!"ﬂﬃ&:71&ﬁ&:gmﬂﬃr&2/69. \2,ﬁ;ﬀ5^| G"01,(69ﬁﬂﬃ&2ﬀ
ﬂ9gKﬀ69 ^| &< &u#%ﬀ[ﬂ9g`R"ﬀﬀ,T69&2;~/'#$RV/69,69&2;<!"69&b69.ﬁﬀﬂ%WVp &:"ﬀ &dﬂB";C,2!"p2
&:,#TWVKﬂ9g 69. rW/69ﬁ!zﬂﬃRV/69ﬁﬂﬃ&2ﬀ;C, &M25!"ﬂﬃ#$R,/69ﬁﬂﬃ&_^KJQ712.ﬁ"ﬀﬀ834 
#T,2ﬀ
WV5!.ﬁ869`(69`2"ﬀ




w = (ρ, ρu, ρv, ρE)T
69&2;H ﬀ| &2!#%&:
∆w



















R #$  717469U69W.ﬁ"ﬀ5^56ﬃﬀﬂ:ﬂp#%ﬂ:;"ﬀﬂp,&2;/691[ﬀ,2!/d28687:s%;71.ﬁﬂﬃR#%&:ﬀMhﬀ,2!/Bc2&2;C &rﬀ|69&2ﬂﬃ






























A*)*% )@ i& ﬁﬀh9<ﬁ.f= 3 #; ./&Vﬂ>ﬂ# 7# &5# 3 ( & # ./&5!
;# -ﬁ7# -; !
"!7b; 1








ﬁﬀzR"!"ﬂﬃ&2;C ﬁﬂﬃ&2Q(6ﬃﬀzWV"&<ﬂﬃ 4 &(69. . su69RR. ﬁ";Hghﬂﬃz2SI`,.ﬁ[0:,(69ﬁﬂﬃ&2ﬀQ'eOR"ﬀ/ﬀ";H &~#%ﬀ
ﬂ9g&:ﬂﬃRﬁ!@7ﬃ69U69W.ﬁ"ﬀ
V = (p, u, v, S)T
F^| 
S = ln(p/ργ)
'^QX&\0:,(6ﬃﬀ¥>.  &2869Qghﬂﬃ#~3a2 ﬀiﬀsCﬀ#
/691"ﬀ|2ighﬂﬃ. .ﬁﬂ^| &%ghﬂﬃ# }














u ρc2 0 0
1/ρ u 0 0
0 0 u 0
0 0 0 u
 , Be = dgEdV =

v 0 ρc2 0
0 v 0 0
1/ρ 0 v 0










β2 0 0 0
0 1 0 0
0 0 1 0
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1/c2 0 0 −ρ/γ
u/c2 ρ 0 −ρu/γ
v/c2 0 ρ −ρv/γ






(γ − 1)q2/2 −u(γ − 1) −v(γ − 1) γ − 1
−u/ρ 1/ρ 0 0
−v/ρ 0 1/ρ 0
(γ−1)q2
2p − γρ −u(γ−1)p −v(γ−1)p (γ−1)p
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P−1e = Id+ (
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β2
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P−1 · |P ·Anx + P ·Bny| = (P−1 · ∂w
∂V
· T˜e) · |Λ˜| · (T˜−1e ·
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T˜ g(nx, ny) = P
−1 · T˜ = ∂w
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T˜ d(nx, ny) = T˜
−1 = T˜−1e ·
∂V
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u + r nx
2 β2 c2
u + s nx
2 β2 c2
v −nx v + r ny
2 β2 c2
v + s ny
2 β2 c2
q2 −Vt H + r Vn
2 β2 c2


































v −γ − 1
c2
Vt ny −nx 0
sq2(γ − 1) + β2c2Vn
t
−su(γ − 1) + β
2c2nx
t






2(γ − 1) + β2c2Vn
t
ru(γ − 1) + β2c2nx
t
















H = E + pρ
3
E = e+ q2
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,j = (µ1f − 12P−1 · |P ·A| · δ1w)i+ 1
2





= (µ2g − 12P−1 · |P ·B| · δ2w)i,j− 1
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= σ2 (B−)ni,j+ 1
2
C0 = (P
−1)ni,j + σ1 (A+)ni+ 1
2
,j − σ1 (A−)ni− 1
2
,j + σ2 (B+)ni,j+ 1
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i,j − wn,mi,j ,
Rn,mi,j =




















































































2v;"!ﬁﬀ 71d &:"ﬀ$ﬂ9gQ2v;C,(69.¥> #%HﬀRR &kﬀ!/2#%Gﬁﬀ@(69 %69. .ﬁﬂ^zﬀ%6<;C "!'>,2ﬀ/Gﬂ9gQ2





























































































= σ2 (B−)n,mi,j+ 1
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− σ1 (A−)n,mi− 1
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,j
+ σ2 (B+)n,mi,j+ 1
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M ′1 · [∆w∗] = [Rn] ,
[∆w∗∗] = D · [∆w∗] ,  [C^ Z ^ g4
M ′2 · [∆wn] = [∆w∗∗] .
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M1 ·D−1 ·M2 = M + PADI ,
M ′1 ·D−1 ·M ′2 = M + PMAF .
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M · [∆wn] + P · [∆wn] = [Rn] .
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[∆w(0)] = 0
l = 0, p
M · [∆w(l+1)] + P · [∆w(l+1)] = [Rn] + P · [∆w(l)]  [C^ Z ^ n 
[∆wn] = [∆w(p)]
^|2












2R7:ﬁﬂﬃ,2ﬀp69. rﬂﬃ #ﬁﬀ ^| &k &6G;C D&: ^568s13DﬀﬂH6ﬃﬀiﬂ~687rﬂﬃﬁ;b2'eCRV&2ﬀ 717ﬃ69. ,(69ﬁﬂﬃ&ﬂ9g
2igm6ﬃ!ﬂﬃ ´69ﬁﬂﬃ&\ﬂﬃ
P
Ogmﬂﬃ| &2ﬀ/69&2!"S2i /69 71SP\N[]69. rﬂﬃ #ﬁﬀ|/692Q'eOR"ﬀﬀ/";~6ﬃﬀS}
[∆w(0)] = 0
l = 0, p






[∆wn] = [w(p) − wn]
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[∆w(0)] = 0
l = 0, p
M ′1 · [w∗ − w(l)] = [Rn]−M · [w(l) − wn]
[w∗∗ − w∗] = D · [w∗ − w(l)]  [C^ Z ^ Z er
M ′2 · [w(l+1) − w(l)] = [w∗∗ − w∗]
[∆wn] = [w(p) − wn]

2@ /69 7rP\N[]+#%2ﬂ:;\"0:, "ﬀ[2ﬀ/69#%T¥;CU69rﬂﬃ&(69.`#B69¥e\ &:7rﬀﬁﬂﬃ&2ﬀi(69&\2@ﬀ/69&2;269;
P\NQ]¢"!/&ﬁ01,24^TP<ﬂﬃ"ﬂ71i2"ﬀ@ &:71ﬀﬁﬂﬃ&2ﬀM!869&bWV;ﬂﬃ&2Q*Y,(ﬀiﬂﬃ&2!"$69i2@WV4 && &~ﬂ9g2ﬀ,WC
 /69 71Rﬂ:!"ﬀ/ﬀ8^





W:svP<N[] ^| . ._WVp6ﬃﬀﬀ"ﬀﬀ/";Gﬂﬃ,4\6@±ﬂﬃ&~J[,#B69&&<69&(69. sCﬀﬁﬀ| &~2M&2'eO!/(69R8^
 !     &"  "$# &  # (
Xx&v2i#$ﬁ;O 4:ﬁ"ﬀ83(Pb6ﬃ!ﬂﬃ#B6ﬃ!/GRﬂﬃRVﬂ4ﬀ";Hﬂ,2ﬀi.U6e69ﬁﬂﬃ&~"!/&ﬁ0:,2"ﬀz &Hﬂﬃ/;|ﬂ &2!86ﬃﬀM2




^vq`ﬁﬂﬃ@ﬂ~(69TRVﬁﬂ:;D3o2B #$R. ﬁ! 
n
MLkﬂﬃRV/69ﬂﬃ ^56ﬃﬀ








W.ﬁﬂ:!/:> #$R. ﬁ!' |!"&:";vﬀ!/2#%"ﬀﬂ9g
n






































@)@ )%A   #f# ﬂ.6# 3Iﬃ ; ! ﬁﬂ> 3 #&)3i; #b7# ; !
N[ﬀp69. ^568sCﬀ83tﬂﬃ,Tﬀ/69 &uRVﬂﬃ &:pﬁﬀS2$.  &2869TﬀsCﬀ# 6ﬃﬀ/ﬀﬂ:!U69";L^| A2% #$R. ﬁ! p,RM^| &2;ﬀ/!/2#%
;"ﬀ! WV";~ &H2MR7Oﬁﬂﬃ,2ﬀ!/(69Rp}
M · [∆wn] = [Rn] ,
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M ′1 · [∆w∗] = [Rn]− (M −M ′1) · [∆w(l)] ,
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M ′2 · [∆w(l+1)] = [Rn]− (M −M ′2) · [∆w∗] ,
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M = D + L1 + U1 + L2 + U2
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M ′2 = L2 +D + U2 ,

























l = 0, p
M ′1 · [∆w∗] = [Rn]− (L2 + U2) · [∆w(l)]
 [C^_[C^_ar
M ′2 · [∆w(l+1)] = [Rn]− (L1 + U1) · [∆w∗]
[∆wn] = [∆w(p)]

2vc2ﬀ%ﬀR¢!"ﬂﬃ"ﬀRVﬂﬃ&2;ﬀ%ﬂA6b. ¥&(> #$R. ﬁ!ﬁ
x
ﬀ ^"R_3ﬂ^| .ﬁH2~ﬀ"!"ﬂﬃ&2;+ﬀR+!"ﬂﬃ"ﬀRVﬂﬃ&2;ﬀBﬂA6




2d!"ﬂ4ﬀpRV@ﬀ,WC> /69ﬁﬂﬃ&ﬂ9gzﬁﬀp#%2ﬂ:;ﬁﬀp&2ﬂﬃ@ﬀﬂu'eCRV&2ﬀ 71Bﬀ &2!"dﬂﬃ&2
ﬀ #$R. su&2"";ﬀiﬂG &:71S6dﬀ #$R.ﬁ@ﬁ;CU69rﬂﬃ&(69.KW.ﬁﬂ:!/<ﬀsCﬀ#  &k86ﬃ!/kﬀR(6ﬃ!";C "!ﬁﬂﬃ&_3^|ﬁ!/A!869&bWV
86ﬃﬀ . su6ﬃ!/ﬁ71";uW:sH2T,2ﬀpﬂ9g

2ﬂﬃ#B6ﬃﬀM69. rﬂﬃ #69&2;u(6ﬃﬀQﬂBRV-gmﬂﬃ#%";\ﬂﬃ&. s~ﬂﬃ&2!"pRVQ&2ﬂﬃ&C>.  &2869
 /69ﬁﬂﬃ&<}








ﬁﬀ[RVﬂﬃ &: ^| . .oWV






ﬀ/69"ﬀ@69. 86ﬃ;Csk7469. ,(69";L^|  &6Hﬀ ^"R_3


















@)@ )*% ﬀﬃ 7b; #fﬂﬁ7b; ﬀ 0# ";  ﬁ*25!$! ﬀ j; # >"; ﬃ #; ﬃ%ﬁ

ﬁ 7#%& 3 #&?./; >2 #;






ﬀ ^"R2ﬀ8^`j[, &$86ﬃ!/vﬀ ^"R_3:([ﬀ/69"ﬀI^|ﬁ!/v(6871i69. 86ﬃ;CsBWV"&v7469. ,(69";H69&2;,^|2ﬂ4ﬀQ&2h^¦7ﬃ69. ,2"ﬀ
69T687469 .U69W.ﬁ@69S,2ﬀ/";~ﬂB!"ﬂﬃ#$R,p2p&2'eOQﬀ/69"ﬀ8^

ﬁﬀ.ﬁ86ﬃ;ﬀQﬂ%2T69. &(69'>.  &($M69,2ﬀﬀYLO ;2'.







l = 0, p
(M ′1 + L2) · [∆w∗] = [Rn]− U2 · [∆w(l)]
(M ′1 + U2) · [∆w∗∗] = [Rn]− L2 · [∆w∗]
 [C^_[C^ g4
(M ′2 + L1) · [∆w∗∗∗] = [Rn]− U1 · [∆w∗∗]
(M ′2 + U1) · [∆w(l+1)] = [Rn]− L1 · [∆w∗∗∗]
[∆wn] = [∆w(p)]
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M ′2 = D + U1 + U2 ,




l = 0, p




M ′2 · [∆w(l+1)] = [Rn]− (L1 + L2) · [∆w∗]
[∆wn] = [∆w(p)]
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[∆w(0)] = 0
l = 0, p




D · [∆w(l+1)] = [Rn]− (U1 + U2) · [∆w(l+1)]− (L1 + L2) · [∆w∗]
[∆wn] = [∆w(p)]
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M ′1 ·D−1 ·M ′2 · [w(l+1) − w(l)] = [Rn]−M · [w(l) − wn]
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[∆w(0)] = 0
l = 0, p
M ′1 · [w∗ − w(l)] = [Rn]−M · [w(l) − wn]
[w∗∗ − w∗] = D · [w∗ − w(l)]  [C^_[C^ Z8· 
M ′2 · [w(l+1) − w(l)] = [w∗∗ − w∗]
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(gE)n,m = BE · wn,m .
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K = KIII = 3
2
λId+ A˙E(δ1µ1 − ε
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E , A˙V1 = σ1
AV1
δx





E , B˙V1 = σ2
BV1
δx
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· δx , η = 2pi
λy









7 s1 , δ̂2µ2 =
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7 s2 , δ̂1
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s1 = sin(ξ) , s2 = sin(η) , z1 = (1− cos(ξ)) , z2 = (1− cos(η)) .
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(1− ε) ˙˜D2 + B˙V2
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λ+1 = |u|+ c
69&2;
λ+2 = |v|+ c
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3 ˙˜D1 = σ1D˜1
69&2; ˙˜D2 = σ2D˜2
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G∗(ξ, η;M,CFL, v/u,AR) = Id−H−1(ξ, η;M,CFL, v/u,AR) ·K(ξ, η;M,CFL, v/u,AR)
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ρmax∗ (M,CFL) ≤ 1
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T1 = A˙Eδ1µ1 − ( ˙˜D1 + A˙V1 )δ21 ,
T2 = B˙Eδ2µ2 − ( ˙˜D2 + B˙V2 )δ22 .
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D = C0 ,
S1 ·∆wn,mi,j = C+1 ·∆wn,mi+1,j + C−1 ·∆wn,mi−1,j ,
















A˙E + ( ˙˜D1 + A˙V1 ))i− 1
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D = P−1 +
3
2
λId+ 2( ˙˜D1 + A˙V1 ) + 2(
˙˜D2 + B˙V2 ) ,
S1 = A˙−E+1 − A˙+E−1 ,





1 ·∆wi,j = ∆wi±1,j ,
E±2 ·∆wi,j = ∆wi,j±1 .
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T1 = 2 (
˙˜D1 + A˙V1 ))z1 +

7 A˙Es1 ,
T2 = 2 (
˙˜D2 + B˙V2 ))z2 +

7 B˙Es2 ,
S1 = −( ˙˜D1 + A˙V1 )) cos(ξ) +

7 A˙Es1 ,




z1 = (1− cos(ξ)) , z2 = (1− cos(η)) , s1 = sin(ξ) , s2 = sin(η) .
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∆w(l+1) = w(l+1) − wn,m 69&2; Hα
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α = 1, N












l = 0, p− 1
α = 1, N
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∆τ · R̂n,m = K · ŵn,m
∆ŵ(0) = 0
l = 0, p− 1
α = 1, N
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Hα (GlN+α − Id) = −K − (H −Hα) (GlN+α−1 − Id)
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G∗ = Id − H−1 ·K
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(Id−H−1α H) (GlN −G∗)
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H1 = (D + S1 − B˙+E−12 )
H2 = (D + S1 − B˙−E+12 )
H3 = (D + S2 − A˙+E−11 )









2p69#$R. ¥c(!869ﬁﬂﬃ&<#B69¥e~6ﬃﬀ/ﬀﬂ:!U69";'^| ~ﬁﬀz#%2ﬂ:;Hﬁﬀ|2&~4 71&~W:s\}
 GALGS = G∗ + V
p
ALGS (Id−G∗)
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p
PJ (Id−G∗)
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n+1 = Dn1 δ1w
n + ∆ [D1δ1w]
n ≈ Dn1 δ1wn +Dn1 δ1∆wn ,
[D2δ2w]
n+1 = Dn2 δ2w
n + ∆ [D2δ2w]
n ≈ Dn2 δ2wn +Dn2 δ2∆wn ,
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Fn+1 ≈ Fn + µ1∆(fE)n −Dn1 δ1∆wn ,
Gn+1 ≈ Gn + µ2∆(gE)n −Dn2 δ2∆wn .
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D1 −→ 12ρ(AE)Id = 12ρE1 Id
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Fn+1 ≈ Fn + µ1∆(fE)n − 12(ρE1 )nδ1∆wn ,
Gn+1 ≈ Gn + µ2∆(gE)n − 12(ρE2 )nδ2∆wn .
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= −∆t · Rni,j − σ1δ1µ1∆(fE)ni,j − σ2δ2µ2∆(gE)ni,j
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Fn+1 ≈ Fn + (AE)nµ1∆wn −Dn1 δ1∆wn ,
Gn+1 ≈ Gn + (BE)nµ2∆wn −Dn2 δ2∆wn .
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Fn+1 ≈ Fn + (AE)nµ1∆wn − 12(ρE1 )nδ1∆wn ,
Gn+1 ≈ Gn + (BE)nµ2∆wn − 12(ρE2 )nδ2∆wn .
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AE · µ1∆wn ≈ µ1∆(fE)n = µ1
(
(fE)n+1 − (fE)n)
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Fn+1 = Fn + ∆Fn ,
Gn+1 = Gn + ∆Gn .






E)n)− 12ρE1 δ1(∆wn) ,
∆GRus = µ2(∆(g
E)n)− 12ρE2 δ2(∆wn) .
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(F V )n+1i+1/2,j ≈ (F V )ni+1/2,j + (ρV1 )ni+1/2,j(δ1∆w)ni+1/2,j
(GV )n+1i,j−1/2 ≈ (GV )ni,j−1/2 + (ρV2 )ni,j−1/2(δ2∆w)ni,j−1/2
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(FE)n,m+1 ≈ (FE)n,m + µ1∆(fE)n,m − 12(ρE1 )n,mδ1∆wn,m ,
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(F V )n,m+1 ≈ (F V )n,m + (ρV1 )n,mδ1∆wn,m ,














































































C0 = (1 +
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E)− 12ρ(PAE)P−1 · δ1w)i+ 1
2
,j = (µ1(f







E)− 12ρ(PBE)P−1 · δ2w)i,j− 1
2
= (µ2(g
E)− 12 ρ˜E2 P−1 · δ2w)i,j− 1
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(F˜E)n,m+1 ≈ (F˜E)n,m + µ1(∆fE)n,m − 12 ρ˜E1 P−1 · δ1∆wn,m ,
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∆wn,m = wn,m+1 − wn,m 3
∆wn−1 = wn − wn−1 3 j = (j1, j2, . . . , jd)
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= (QVp )j±ep/2 (δpw)j±ep/2 ,


















































































− (C−p )n,mj ∆wn,mj−ep − (C+p )n,mj ∆wn,mj+ep
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2 + v2) −u −v 1
uq2 −u2 −uv u
vq2 −uv −v2 v
Hq2 −uH −vH H
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Q ·X = γ − 1
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B = A ·∆q(l)I ,
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pB = pI ; uB = 0 ; vB = 0 ; TB = TI .
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B = 0 ; ∆v
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B = 0 ; ∆T
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1 0 0 0
0 n2y −nxny 0
0 −nxny n2x 0
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B = 0 ; ∆v
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ρB = ρI ; uB = uI ; vB = vI ; pB = p∞ .
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= −∆t · Rni,j − σ1δ1µ1∆(fE)ni,j − σ2δ2µ2∆(gE)ni,j














, C0 = 1− C−1 − C+1 − C−2 − C+2 .
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Matrix Free without preconditioning
Matrix Free with preconditioning
Block Scheme without preconditioning
M = 0.5 CFL = 106









Matrix Free without preconditioning
Matrix Free with preconditioning
Block Scheme with preconditioning
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MF - Direct Scheme
M = 10-3 CFL = 103 AR = 10-1
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MF - Direct Scheme
M = 10-3 CFL = 103 AR = 10-4
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= −∆t · Rni,j − σ1δ1µ1∆(fE)ni,j − σ2δ2µ2∆(gE)ni,j
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∆t = χ ·min(∆tE ,∆tV )
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Θ
}
∆t = χ ·∆tE ·min(1,Θ) = χ ·∆tV ·min(1, 1/Θ)









) ·min(1,Θ) ·AE(v/u,M, γ)
B˙E = ∆tδyB




) ·min(1,Θ) ·BE(v/u,M, γ)
A˙V = ∆t
δx2
AV = χ · Prγ ·min(1, AR2) ·min(1, 1/Θ) · A¯V (v/u,M, γ, Pr)
B˙V = ∆t
δy2
BV = χ · Prγ ·min(1, 1/AR2) ·min(1, 1/Θ) · B¯V (v/u,M, γ, Pr)
S˙V = ∆tδxδyS
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α1 (α1 − 1)
α1 − 1 + c2/u2 ,
α2 (α2 − 1)








































β2 = min[max[M2, β2v ], 1]
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Inviscid Block / Viscous Block
Inviscid Matrix-Free / Viscous Block
Inviscid Block / Viscous Spectral Radius
Inviscid Matrix-Free / Viscous Spectral Radius
M = 0.5 , χ = 106 , Rem = 10 , AR = 1









Inviscid Block / Viscous Block
Inviscid Matrix-Free / Viscous Block
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M = 0.5 , χ = 106 , Rem = 10
-1 , AR = 1









Inviscid Block / Viscous Block
Inviscid Matrix-Free / Viscous Block
Inviscid Block / Viscous Spectral Radius
Inviscid Matrix-Free / Viscous Spectral Radius
M = 0.5 , χ = 106 , Rem = 1 , AR = 1









Inviscid Block / Viscous Block
Inviscid Matrix-Free / Viscous Block
Inviscid Block / Viscous Spectral Radius
Inviscid Matrix-Free / Viscous Spectral Radius
M = 5.10-2 , χ = 106 , Rem = 10
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M = 10-3 , χ = 106 , Rem = 10
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M = 10-1 , χ = 106 , Rem = 10
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M = 10-5 , χ = 106 , Rem = 10
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∂ρE
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= (γ − 1) M2∞ .
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x < 1 y = 0
1 ≥ x ≥ 3 y = 0.1 (1− cos[(x− 1)pi])
x > 3 y = 0
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0 BL-ALGS(1) without preconditioning
BL-ALGS(1) with preconditioning
M = 0.1 CFL = 50














0 MF-SGS(30) without preconditioning
MF-SGS(10) with preconditioning
M = 0.1 CFL = 106
Mesh : 121 x 31
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u(y) = 1.5 · (1− y2)
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• 21× 41 ^|  AR = δx/δy = 10 
• 21× 81 ^|  AR = δx/δy = 20 
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MF-SGS(10) scheme with IBC
M = 10-5




















MF-SGS(10) scheme with IBC
M = 10-5




















MF-SGS(10) scheme with IBC
M = 10-5











Mesh (41 x 21) with AR = 10
Mesh (81 x 21) with AR = 20
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· −u(jw + 2) + 4u(jw + 1)− 3u(jw)
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M = 0.001 Re = 10 CFLu = 0.001


















M = 0.001 Re = 10 CFLu = 0.01


















M = 0.001 Re = 10 CFLu = 1

















M = 0.001 Re = 10 CFLu = 10
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Mesh : 21 x 81

























































M = 0.001 Re = 10 ∆t = pi/20
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∆wn,m = wn,m+1 − wn,m 3
∆wn−1 = wn − wn−1 69&2; FEi,k
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≈ wo(i,k) − wi
d(i, (i, k)) + d((i, k), o(i, k))
^|2
d(i, (i, k))+ d((i, k), o(i, k))
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QEi,k ≈ ρ(PAE)i,k · P−1i,k = ρ˜Ei,k · P−1i,k
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2 + v2) −u −v 1
uq2 −u2 −uv u
vq2 −uv −v2 v
Hq2 −uH −vH H
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D−1 · P−1 ﬁﬀz'eOR. ﬁ! . sv4 7r&~W:sb}
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ρ˜ Ei,k ·∆w(l)o(i,k) · Si,k
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Q ·X ,&2;2[gmﬂﬃ# }
Q ·X = γ − 1
c2
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
x < 1 y = 0
1 ≥ x ≥ 3 y = 0.1 (1− cos[(x− 1)pi])
x > 3 y = 0
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Mesh : 3468 triangular elements
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x < 1 z = 0
1 ≥ x ≥ 3 z = 0.1 (1− cos[(x− 1)pi])
x > 3 z = 0
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Flow over a 3D sine bump
AUSM+(P) scheme


















Flow over a 3D sine bump
AUSM+(P) scheme
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∂ρ˜
∂t˜
+ ~˜∇ · (ρ˜~˜u) = 0
∂ρ˜~˜u
∂t˜
+ ~˜∇ · (ρ˜~˜u⊗ ~˜u+ p˜I7 ) = ρ˜~˜g + ~˜∇ · τ˜7
∂ρ˜E˜
∂t˜
+ ~˜∇ · (ρ˜~˜uH˜) = ρ˜~˜g · ~˜u+ ~˜∇ · (τ˜7 · ~˜u) + ~˜∇ · (λ˜ ~˜∇T˜ )

































































































































+ ~∇ · (ρ~u) = 0
∂ρ~u
∂t
+ ~∇ · (ρ~u⊗ ~u) + 1
γM2∞





(~∇ · τ7 )
∂ρE
∂t












~∇ · (λ~∇T )




























γ − 1R , Re =
¯˜mt l˜ref
µ˜ref
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m¯H = ρ¯H · u¯H = αH · ¯˜mt , m¯C = ρ¯C · u¯C = (1− αH) · ¯˜mt .
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= αH(1 + 2²TH)
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u¯C = (1− αH)(1− ²) 1
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= 14.4 · 0.4
1.4 · 288 = 0.0143
# 2 ﬀ −1
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γ(γ − 1) +
1
2
(u2 + v2) , H =
c2
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τxy = µ(uy + vx)
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kj = j · kmin = j · pi
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ψ(x+ δx)− ψ(x− δx)
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Φ(δ21φ)(ξ) = −2(1− cos(ξ))ψ̂ ,
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kmaxc · δxf =
pi
4
, kmaxm · δxf =
pi
2
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ρ (G(kmaxc ))|c = ρ (G(pi)) = 0.33 ,
ρ (G(kmaxc ))|m = ρ (G(pi/2)) = 0.6 ,
ρ (G(kmaxc ))|f = ρ (G(pi/4)) = 0.57 .































































^(NQ#B69.U6ﬃ;26ﬃﬀQ69&2;u@^«S69#B69_^Xx#$R. ﬁ! Q69&(;H#T,.  4ﬁ;uRﬂ:!"";C,"ﬀghﬂﬃﬀ86ﬃ;Cs:ﬀ/69S!"ﬂﬃ#$R,2/6
ﬁﬂﬃ&2ﬀi^| ~,RM^| &2;<69. rﬂﬃ #%ﬀ8^ 




















2[;"ﬀ 4&H69&2;v69RR. ﬁ!869ﬁﬂﬃ&Hﬂ9gt,RM^| &2;vﬀ!/2#%"ﬀﬂﬃ&G,&2ﬀ,2!,2";
#%"ﬀ2"ﬀ^	













&%2|!"ﬂﬃ&2ﬀ,2!ﬁﬂﬃ&G69&2;B69RR. ﬁ!869ﬁﬂﬃ&dﬂ9gV #$R. ﬁ! `g>6ﬃ!ﬂﬃ";%ﬀ!/2#%"ﬀ
gmﬂﬃz!"ﬂﬃ&2ﬀ7469ﬁﬂﬃ&~.U6^zﬀ^	
   


























	      
 	  	   ﬀ  	 
ﬀ   

      

























469ﬀ!/2&1ﬂ3O69&2;d@^rq`69 . . f4^tN -ﬀ869#
"ﬀ/ﬀ &G2Q#$ﬁﬀ/6Sg>6ﬃ! .  xsu}
I
eCRV #%&:/69.D"ﬀ,. ﬀ|69&2;d7ﬃ69. ﬁ;269ﬁﬂﬃ&Hﬂ9gt2Q. ,#$RV";O>R(69/69#B 
!'gm;Gﬂﬃ&:,2ﬀ|!"ﬂ:;4^oXx&ﬁﬀﬃﬂﬂ! #"$




  ﬀ 	





   














^ A"ﬀﬀ/. ¥&22^¬N§,2&¥c(";G#%2ﬂ:;Gghﬂﬃ|!"ﬂﬃ#$R, &$ &2!"ﬂﬃ#$R"ﬀﬀ W.ﬁp69&2;v!"ﬂﬃ#$R"ﬀﬀ W.ﬁ
\(ﬂ^zﬀ &BWVﬂﬃ,&2;269s:mc2";G!"ﬂ:ﬂﬃ;C &(69"ﬀ8^+*
 	  -,.(!/ 	0
 


















^( .ﬁsu69&2;<T^(P<!"jiﬂﬃ&(69.ﬁ;D^LOﬂﬃ. ,ﬁﬂﬃ&bﬂ9g`2S#T,2.¥ ;¥#%&2ﬀﬁﬂﬃ&(69.
!"ﬂﬃ#$R"ﬀ/ﬀ W.ﬁTJi687:ﬁ-YL:ﬂﬃ1"ﬀ
"0:,(69ﬁﬂﬃ&2ﬀW:sB6Sr'&('69.¥ ´8";v¥#$R2.¥ﬁ! 5#%2ﬂ:;D^*














^| .ﬁs§69&2;	T^|P<!"jiﬂﬃ&(69.ﬁ;D^NQ&§ﬂ717Oﬁh^ 69&2;¦r&2/69.  ´69ﬁﬂ4&ﬂ9g@ #$R. ﬁ! u&(687:ﬁ-ﬀﬂﬃ1"ﬀ




























































































#%"!/(69&ﬁ!869.z69&(69. sOﬀﬁﬀ@ﬂ9g|2#B69.gm69 4,2B &6H#$¥eO &<"4^
 	6 / 9)( 















2T69RR. ﬁ!869ﬁﬂﬃ&bﬂ9g`R"!"ﬂﬃ&2;C ﬁﬂﬃ& &2G &u7:ﬁﬀ/!"ﬂﬃ,2ﬀ]\(ﬂ^zﬀ8^*

































2    9  9  )9'/ (	 (!24 5,   ( </ 4 ﬀ5, 9     	    9   6




















	ﬃ24 5, / (

4 1 	ﬃ/ (!24 5, 9&2 /













































































































































































































































































































































































































/x*v ,wz (51 9', 23(5/ ~
u
0














































































































































































































µ¼%;0@='7NA1+B2ﬁco?'!%>=_GW,/8ﬁe,/.! #%>=_ﬃw2N!8 e,t$&H;0+B2q'!%}=1,/3B=_$r,/08ﬁ#A>%T%;0'!%ﬂ d) ﬁ3q0@8@2q'7NBA;0ﬁ#23
'*) N!3B%ﬃ!8@%>=1=ﬁ#23M'!%







































































































































































































IJN!  ﬁe,/$<C,/3B' ﬀ

ﬁ3!9W9

















































































































































































































































































=@%;ﬁ#'!%; f ﬁ3B%mn8@%; e,oB,/0ﬁ#23

 Ju












































































































































K2q'!%;  ﬁ3!9Á2/bT3-,/0N!81,/ gA>23qG:%>A;0ﬁ#23 ¥-2D¦a=&¦ﬁ0+  e,/89:%<0@%;$ﬃw%;81,/0N!8@%'7ﬁcµ¼%;8@%;3BA>%>=	h



































































































































































6 (5, 4;v;9 9¨À















































































































































































L_23qG%;89:%;3BA>%,A>A>%; #%;81,/0ﬁ#23{NB=ﬁ3!9gﬁ$ ﬁ#A;ﬁc08@%; e,oB,/0ﬁ#23




















































































































































































































































































































































v / 9'1 9', 2 ~t~'23(!24
u
,;, (54 )9~9&2 4 ,!~'23(!24
u






9 2 9', 1 (54 / / ( 9¨~

24 

~
IJ+B's0+B%>=ﬁ#=	CEg3!ﬁG:%;8@=@ﬁc01Hr'!% Fﬁ#A>%

2ﬃ!+Bﬁ#,m£hg3q0ﬁﬃw2 ﬁ#=	C

2ﬃ!+!ﬁe,m£hg3q0ﬁﬃw2 ﬁ#=	C
VB81,/3BA>%WC
\	WW]

[]

^­´

°s%;ﬁ=1=,/3B'°

$ﬁ0+

IJ8@%>A>23B'7ﬁ0ﬁ#23Bﬁ3!9Á,/ﬃ!ﬃ! ﬁ#%>'P0@2ºG,/8ﬁe,/.! #%<,/3B'PA>23B=01,/3q0&'!%;3B=ﬁ0©s¥-2D¦a=

	
 *qu
v	',.(5/
C
W
XWYWWY

XWYW
¶
C
\	W


